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Abstract
Consistency conditions for the local existence of massless spin 3/2 fields
have been explored to find the facts that the field equations for massless
helicity 3/2 particles are consistent if the space-time is Ricci-flat, and that
in Minkowski space-time the space of conserved charges for the fields is its
twistor space itself. After considering the twistorial methods to study such
massless helicity 3/2 fields, we show in flat space-time that the charges of
spin-3/2 fields, defined topologically by the first Chern number of their spin-
lowered self-dual Maxwell fields, are given by their twistor space, and in
curved space-time that the (anti-)self-duality of the space-time is the neces-
sary condition. Since in N = 1 supergravity torsions are the essential ingre-
dients, we generalize our space-time to that with torsion (Einstein-Cartan
theory), and investigate the consistency of existence of spin 3/2 fields in
this theory. A simple solution to this consistency problem is found: The
space-time has to be conformally (anti-)self-dual, left-(or right-)torsion-free.
The integrability condition on α-surface shows that the (anti-)self-dual Weyl
spinor can be described only by the covariant derivative of the right-(left-
)handed-torsion.
1
§1 Introduction: Spin-3/2 Field in Flat Space-time
The local theory of spin-3
2
potential in Riemanian 4-geometries has been
investigated in terms of twistor theory[1]. While in flat Minkowski space-
time the twistors arise as charges for massless spin-3
2
fields, in Ricci-flat
4-manifolds a suitable generalization of twistor theory makes it possible to
reconstruct the solutions of the vacuum Einstein equations out of the twistor
space. The spin-3
2
fields are well defined, since the Ricci-flatness is a necessary
and sufficient condition for consistency. On the otherhand, such a spin-3
2
field
is an essential ingredient in D = 4, N = 1 supergravity. It seems necessary
to extend the analysis on the problem of consistency, because the supergrav-
ity inevitably introduces torsions, and Riemann curvatures are completely
expressed in terms of torsion and its derivatives[2].
In this paper we mainly investigate the spin-3
2
problem in twistor formal-
ism [3,4], by generalizing to the space-time with torsion. The relations to the
D = 4, N = 1 supergravity will be studied in later papers.
The Rarita-Schwinger action for the spin 3/2 fields is uniquely given by
LRS = −
1
2
εµνρσψ¯µγ5γν∂ρψσ, (1)
and the spin 3/2 field equation in flat space reads [5]
εµνρσγ5γν∂ρψσ = 0. (2)
We will follow Penrose[1], who pointed out that if one could find the
appropriate definition of ”charge” for massless helicity-3
2
fields in a Ricci-flat
space-time, the definition will provide the concept of twistor appropriate for
vacuum Einstein equations. We will first show in flat space-time that the
charges of spin-3/2 fields defined topologically by the first Chern number of
their spin-lowered self-dual Maxwell fields, are given by their twistor space.
In Minkowski space-time with flat connection D, the gauge invariant field
strength for spin-3
2
particles is represented by a totally symmetric spinor field
ψA′B′C′ = ψ(A′B′C′), obeying a massless free-field equation
DAA
′
ψ(A′B′C′) = 0. (3)
Here we use the convention that ψ(A′B′C′) describes spin-
3
2
particles of helicity
equal to 3
2
, and not −3
2
. Two potentials γAB′C′ , ρ
AB
C′ , symmetric in its primed
2
and unprimed indices, respectively, are introduced to express ψ(A′B′C′) locally
in the Dirac form of the field strength, subject to the differential equation
DBB
′
γAB′C′ = 0 (4)
such that
ψA′B′C′ = DAA′γ
A
B′C′. (5)
Similarly we have
DCC
′
ρABC′ = 0 (6)
such that
γAB′C′ = DBB′ρ
AB
C′ . (7)
By introducing the spinor fields νC′ and χ
B obeying the equations
DAC
′
νC′ = 0, (8)
DAC′χ
A = 2iνC′ , (9)
respectively, the gauge transformations for the two potentials
γ˜AB′C′ = γ
A
B′C′ +D
A
B′νC′ (10)
ρ˜ABC′ = ρ
AB
C′ + ε
ABνC′ + iD
A
C′χ
B, (11)
do not affect the theory. The second transformation is rewritten as
ρ˜ABC′ = ρ
AB
C′ + iD
(A
C′χ
B), (12)
because of the relation
D
[A
C′χ
B] =
1
2
εABDLC′χ
L = iεABνC′ . (13)
The field equations invariant under these transformations, because
DAA
′
γ˜CA′B′ = D
AA′DCB′νA′ = D
C
B′D
AA′νA′ = 0, (14)
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and
DAA
′
ρ˜BCA′ = iD
AA′D
(C
A′χ
B) =
i
2
DAA
′
DBA′χ
C +
i
2
DAA
′
DCA′χ
B
= −
i
4
εABχC −
i
4
εACχB
= −
i
2
εA(BχC),
(15)
where DAA′D
BA′ = 1
2
εAB, ( = DAA′D
AA′) has been used. This proves the
gauge invariance:
DAA
′
ρ˜BCA′ = 0, (16)
since χA = 0 by (8) and (9).
§2 Spin-3/2 Fermions in Twistor Formalism
Now we will show that twistors can be regarded as charges for mass-
less helicity-3
2
fields in Minkowski space-time, following Penrose[1]. Let us
introduce a twistor Zα and a dual twistor Wα by the pair of spinor fields
Zα ≡ (ωA, piA′), Wα ≡ (λA, µ
A′) (17)
respectively. The pair of spinor fields of the dual twistor obeys the differential
equations
DAA′µ
B′ = iεB
′
A′λA, DAA′λB = 0. (18)
Therefore one finds
D
[A′
A µ
B′] =
1
2
εA
′B′DL′Aµ
L = iεA
′B′λC′ , (19)
D
(A′
A µ
B′) = 0. (20)
Thus, by defining
φA′B′ ≡ ψA′B′C′µ
C′, (21)
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φA′B′ satisfies the self-dual vacuum Maxwell equations, though it has nothing
to do with electromagnetism:
DAA
′
φA′B′ = 0. (22)
Tis is easily seen by using the Leibniz rule and the field equations of ψA′B′C′
and µC
′
.
It is possible to define the self-dual two-form
F ≡ φA′B′dx
A′
A ∧ dx
AB′ . (23)
The one-form, corresponding to a potential θ for the self-dual Maxwell field
strength φ, is defined by
A ≡ θBB′dx
BB′ , (24)
leading to
F = 2dA, (25)
which is derived from the potentials γCA′B′ and ρ
BC
A′ : After defining
θCA′ ≡ γ
C
A′B′µ
B′ − iρBCA′ λB, (26)
one can obtain the relations
DCB′θ
C
A′ = (DCB′γ
C
A′D′)µ
D′ + γCA′D′(DCB′µ
D′)− i(DCB′ρ
BC
A′ )λB
= ψA′B′D′µ
D′ + iεD
′
B′γ
C
A′D′λC − iγ
C
A′B′λC
= ψA′B′D′µ
D′ = φA′B′ ,
(27)
and
DA
′
B θ
C
A′ = (D
A′
B γ
C
A′B′)µ
B′ + γCA′B′(D
A′
B µ
B′)
− i(DA
′
B ρ
DC
A′ )λD − iρ
DC
A′ (D
A′
B λD) = 0.
(28)
Then, if one supposes that the field ψA′B′C′ exists in a regionR of space-time,
surrounding a world-tube containing the sources for ψA′B′C′ , the charge Q is
assigned to the world-tube. Defining Q by the first Chern class [4] and using
Stokes’ theorem, we obtain
Q =
i
4pi
∮
R
F =
i
2pi
∮
∂R
A =
i
2pi
∮
∂R
θAA′dx
AA′ , (29)
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where ∂R is the compact boundary of R. Inserting (26) and using the fact
that the first and second potentials, respectively, satisfy the wave equations
γAA′B′ = 0 and ρ
AB
C′ = 0 by (4) and (6), that is ∆γ
A
A′B′ = D
2
0γ
A
A′B′ and
∆ρBCA′ = D
2
0ρ
BC
A′ . We assuming that γ
A
A′B′ and ρ
BC
A′ have the charges νB′ and
χB, each of them satisfies the Poisson equation, respectively. Here we choose
the following gauge on the boundary:
γAA′B′ |∂R = −
νB′
xAA
′
,
ρ BA′ A|∂R = −i
χB
xAA
′
.
Then we can derive
Q =
i
2pi
∮
∂R
(γAA′B′µ
B′ − iρBAA′λB)dx
AA′
=
i
2pi
∮
∂R
(−
νB′µ
B′
xAA
′
−
χBλB
xAA
′
)dxAA
′
= (µA
′
νA′ + χ
AλA)|xBB′=0.
(30)
Thus if we put νA′|xAA′=0 = piA′ , χ
B|xAA′=0 = ω
B, the charge of spin 3/2
fields is now defined by the twistor
Q = ZαWα = ω
AλA + piA′µ
A′, (31)
and depends on the dual twistor Wα. Thus, the dual twistor Wα is the
”charge” for a helicity −3
2
massless field, whereas the twistor Zα is the
”charge” for a helicity 3
2
massless field, as shown by the same lines of ar-
guments in Minkowski space-time [1].
§3 Spin-3/2 Field in Curved Space-time
Next we will investigate massless spin-3
2
fields in curved space-time[1,7].
The Riemann curvature tensor Rdabc is defined by
(∇a∇b −∇b∇a)V
d = RdabcV
c. (32)
The irreducible pieces of the curvature tensor Rabcd under the action of the
Lorentz group SL(2,C) are given by spinors [3,4]:
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(i)C−abcd = ΨABCDεA′B′εC′D′ : the anti-self-dual part of the Weyl tensor;
the spinor ΨABCD is totally symmetric in its four indices;
(ii)C+abcd = Ψ˜A′B′C′D′εABεCD : the self-dual part of the Weyl tensor; the
spinor Ψ˜A′B′C′D′ is totally symmetric in its four indices;
(iii)Φab = ΦAA′BB′ : the trace-free part of the Ricci tensor; with ΦAA′BB′
being symmetric both in AB and A′B′;
(iv)R = 24Λ : the scalar curvature.
The Weyl tensor, given by
Cabcd = C
+
abcd + C
−
abcd, (33)
is related to the Riemann tensor and Ricci tensor by
Ccdab = R
cd
ab − 2R
[c
[aδ
d]
b] +
1
3
Rδ
[c
[aδ
d]
b] , (34)
and is trace-free: Ccacb = 0.
A spinor version of the commutator [∇a,∇b] can be decomposed into its
self-dual and anti-self-dual pieces [3,4]
[∇a,∇b] = εAB✷A′B′ + εA′B′✷AB, (35)
where
✷AB = ∇A′(A∇
A′
B), ✷A′B′ = ∇A(A′∇
A
B′). (36)
The spinor Ricci identities are given by applying ✷AB and ✷A′B′ either to
primed spinor fields or to unprimed ones:
✷ABξ
C = ΨCABDξ
D − 2Λξ(Aε
C
B), (37)
✷A′B′ξ
C′ = ΨC
′
A′B′D′ξ
D′ − 2Λξ(A′ε
C′
B′), (38)
✷ABξ
B′ = ΦB
′
ABA′ξ
A′, (39)
✷A′B′ξ
B = ΦBA′B′Aξ
A. (40)
Let us now derive the conditions for the local existence of the ρBCA′ poten-
tial in curved space-time. We require that the gauge transformed potential
ρ˜BCA′ should obey the equation
∇AA
′
ρ˜BCA′ = 0. (41)
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Thus, by using
∇AA′∇
BA′ =
1
2
εAB+AB, (42)
where  = ∇AA′∇
AA′, we obtain
∇AA
′
ρ˜BCA′ = ∇
AA′ρBCA′ + i∇
AA′∇
(B
A′χ
C)
= i∇AA
′
∇
(B
A′χ
C) = −
i
2
εA(BχC) −A(BχC)
= −iΨAB CD χ
D + 2iΛχ(AεB)C −
i
2
εA(BχC) = 0.
(43)
This equation gives the consistency conditions for the local existence of the
ρBCA′ field:
ΨABCD = 0, Λ = 0, χ
A = 0, (44)
which imply that the space-time is self-dual (left-flat) since the anti-self-dual
Weyl spinor has to vanish [1].
The spin-3
2
field strength ψA′B′C′ is defined in a complex anti-self-dual
vacuum space-time:
ψA′B′C′ = ∇CC′γ
C
A′B′ , (45)
which is gauge-invariant, totally symmetric, and satisfies the massless field
equations
∇AA
′
ψA′B′C′ = 0. (46)
Then the global ψ-fields with non-vanishing pi-charge are well-defined, and a
global pi-space, following Penrose[1], is defined by:
pi-space≡ space of global ψ’s/space of global γ’s.
§4 Spin-3/2 Field in Curved Space-time with Torsion
InN = 1 U(1) supergravity[6,2], the superspace has torsion as an essential
ingredient, though the purely vector torsion can be asumed to vanish. The
constraints give all the coefficients of torsion, of Lorentz curvatures, and
U(1) field strengths (which are determined from torsion components and their
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covariant derivatives) in terms of the covariant supergravity superfields R, R†
(chiral and anti-chiral, respectively), Gαβ (real) with canonical dimension 1,
and the Weyl spinor superfields Wγβα and Wγ˙β˙α˙ with canonical dimension
3/2 and their covariant derivatives. These fundamental superfields satisfy
the following constraints:
(1)D¯α˙R = 0, DαR
† = 0
(2)DαGαβ˙ = D¯β˙R
†, D¯β˙Gαβ˙ = DαR
(3)D¯α˙Wγβα = 0, DαW¯γ˙β˙α˙ = 0
(4)D¯α˙W¯γ˙β˙α˙ +
1
2
i(Dββ˙G
β
γ˙ +Dβγ˙G
β
β˙
) = 0
DαWγβα +
1
2
i(Dββ˙G
β˙
γ +Dγβ˙G
β˙
β) = 0
(5)(Gαβ˙)
† = Gαβ˙
(6)(Wγβα)
† = W¯γ˙β˙α˙.
One may say the spin 3/2 field plays fundamental roles in the structure of
supergravity.
However we will concentrate on the Einstein-Cartan theory (U4 theory)
here, following refs.[3,7]. The torsion tensor in this theory is given by
T cab = Θ
CC′
AB εA′B′ + Θ˜
CC′
A′B′εAB, (47)
if the spinor εAB is covariantly constant under the operation of the two
covariant derivatives ∇a and ∇˜a:
∇aεBC = 0, (48)
∇˜aεBC = 0. (49)
Now we are to describe the spinor Ricci identities for U4 theory. The
Riemann tensor is defined, instead of (35), as
(∇a∇b −∇b∇a − T
c
ab∇c)V
d ≡ RdabcV
c, (50)
where T cab is the torsion tensor. This definition leads to a non-symmetric Ricci
tensor. The Riemann tensor has 36 independent real components, rather than
20 as in general relativity, and the information on those 36 components is
encoded in the spinor fields
ΨABCD, ΦAA′BB′ , Λ and ΣAB, (51)
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having 5,9,1 and 3 complex components respectively. The ΣAB = Σ(AB)
corresponds to the anti-symmetric part of Ricci tensor as given by
R[ab] = ΣABεA′B′ + Σ˜A′B′εAB. (52)
The identity (35) still holds and the self-dual null bivector is defined as
kab ≡ ξAξBεA
′B′ . (53)
Then by using the Ricci identity for U4 theory
(∇a∇b −∇b∇a − T
e
ab∇e)k
cd = Rcabek
ed +Rdabek
ce, (54)
the spinor Ricci identity is derived as
ξ(C [εAB✷A′B′ + εA′B′✷AB − T
HH′
AA′BB′∇HH′ ]ξ
D)
= εAB[Φ˜
(C
A′B′Eξ
D)ξE + Σ˜A′B′ξ
(CξD)]
+ εA′B′ [Ψ
(C
ABEξ
D)ξE
− 2Λξ(Cξ(Bε
D)
A) + ΣABξ
(CξD)].
(55)
Thus we obtain the spinor Ricci identities corresponding to (37), (38),
(39) and (40):
[✷AB −Θ
HH′
AB ∇HH′ ]ξ
C = ΨCABDξ
D − 2Λξ(Aε
C
B) + ΣABξ
C , (56)
[✷A′B′ − Θ˜
HH′
A′B′∇HH′]ξ
C′ = Ψ˜C
′
A′B′D′ξ
D′ − 2Λ˜ξ(A′ε
C′
B′) + Σ˜A′B′ξ
C′, (57)
[✷AB −Θ
HH′
AB ∇HH′]ξ
C′ = ΦC
′
ABD′ξ
D′ + ΣABξ
C′, (58)
[✷A′B′ − Θ˜
HH′
A′B′∇HH′ ]ξ
C = Φ˜CA′B′Dξ
D + Σ˜A′B′ξ
C . (59)
The correspondence between self-dual space-times and curved twistor
spaces has been investigated by Ward and Wells [4] by defining the self-dual
α-surface S, where each vector field tangent to it has the form λApiA
′
for some
spinor field λA on it. By using Frobenius’ theorem, it has been shown that
the existence of self-dual surfaces in space-time imposes a condition on its
curvature. Esposito [7] has generalized the results of ref.[4] to the case where
the space-time has torsion. Taking two null vector fields Xa = λApiA
′
and
Y a = µApiA
′
tangent to S, the Lie bracket of X, Y is a linear combination
of X, Y . The Lie bracket now involves the torsion tensor, and the theorem
leads to
Xa∇aY
b − Y a∇aX
b = ϕXb + ρY b + T bcdX
cY d, (60)
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where the torsion is given by (47).
This condition is equivalent to
piA
′
(∇AA′piB′) = ξApiB′ + ωAB′ (61)
for some spinor field ξA and ωAB′, if we put
µDλ
DωBB′ = −µDλ
DΘ˜C′D′BB′pi
C′piD
′
. (62)
Now we have found
ωAB′ = −pi
A′piC
′
Θ˜A′C′AB′ , (63)
piA
′
(∇AA′piB′) = ξApiB′ − pi
A′piC
′
Θ˜A′C′AB′ . (64)
Finally we will derive the integrability condition for S. Operating on (64)
with piB
′
piC
′
∇AC′, following Ward and Wells[4], and using the spinor Ricci
identity (57), we obtain
−piB
′
piC
′
∇AC′[pi
A′∇AA′piB′ − (ξApiB′ − pi
A′piC
′
Θ˜A′C′AB′)]
= piA
′
piB
′
piC
′
piD
′
(−Ψ˜A′B′C′D′ − Θ˜
AE′
A′B′Θ˜E′C′AD′ − Θ˜
AE′
A′B′Θ˜C′E′AD′ +∇
A
A′Θ˜B′C′AD′)
− 2piB
′
piC
′
piD
′
Θ˜AA
′
C′D′∇AA′piB′ = 0.
(65)
The last term of (65) is rewritten as
−2piB
′
piC
′
piD
′
Θ˜AA
′
C′D′∇AA′piB′ = 2pi
A′piB
′
piC
′
piD
′
Θ˜EE
′
C′A′Θ˜E′D′EB′ , (66)
where we have used the property of the covariant derivatives in U4 theory
investigated by Penrose-Rindler [3] (see §4.7 in vol.1). Therefore the integra-
bility condition is now derived for U4 theory as
piA
′
piB
′
piC
′
piD
′
(−Ψ˜A′B′C′D′ +∇
A
A′Θ˜B′C′AD′) = 0. (67)
Therefore a solution of this integrability condition is given by
Ψ˜A′B′C′D′ = ∇
A
(A′Θ˜B′C′|A|D′). (68)
This solution shows that the self-dual Weyl spinor can be described only
by the covariant derivative of the right-handed-torsion, seemingly in contra-
diction to the result obtained by Esposito [7]. However, if he had carefully
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taken account of the symmetry of spinor indices, i.e., Ψ˜A′B′C′D′ = Ψ˜(A′B′C′D′)
and Θ˜A′B′AD′ = Θ˜(A′B′)AD′ , he could have obtained exactly the same result
as ours.
We can consider the other possibility of consistency condition. Let us now
derive the conditions for the local existence of the ρBCA′ potential in curved
space-time with torsion. We require that the gauge transformed potential
ρ˜BCA′ should obey the equation
∇AA
′
ρ˜BCA′ = 0. (69)
Thus by using the spinor Ricci Identity (56), we obtain
∇AA
′
ρ˜BCA′ = ∇
AA′ρBCA′ + i∇
AA′∇
(B
A′χ
C)
= i∇AA
′
∇
(B
A′χ
C) = −
i
2
εA(BχC) −A(BχC)
= −iΨAB CD χ
D + 2iΛχ(AεB)C −
i
2
εA(BχC)
−ΘABHH′∇
HH′χC − ΣABχC
= 0.
(70)
This equation gives the consistency conditions for the local existence of the
ρBCA′ field:
ΨABCD = 0, Λ = 0, ΘABA′C = 0, ΣAB = 0, χ
A = 0 (71)
which imply that the space-time is self-dual (left-flat) and left-torsion free.
Moreover, the self-dual anti-symmetric part of Ricci tensor vanishes, though
this condition is not independent, since ΣAB is determined by torsions and
their covariant derivatives.
A discussion is now in order. In N = 1 supergravity, Lorentz gauge
fields were written in terms of torsions. Moreover, fundamental superfields
as shown at the top of this section, exist to describe the both fields in terms of
them. We simply conjecture here that deeper insights on spin 3/2 fields will
give more information on the problems of the structure of space-time. The
investigation of the problem of the spin 3/2 field (as well as that of gravitino
field ψαm which is massive [8]) in N = 1 supergravity is now progressing [9].
The author wishes to express his thanks to Prof. Richard S. Ward for
his suggestion on the spin 3/2 problems and to Prof.Wolfgang Bentz for his
careful reading this manuscript.
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